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This report is a brief report on the very long paper [2] (joint with Kakariadis).
The work combines various aspects of multivariable operator theory (noncommu-
tative varieties in the sense of Popescu [5], C*-algebras and non-selfadjoint alge-
bras associated to C*-correspondences in sense of Pimsner [4] and Muhly-Solel
[3], operator algebras arising from subproduct systems in the sense of Shalit-Solel
[6] — some of which turn out to be precisely the bounded free NC functions, in
the sense of Ball, McCarthy, Vinnikov and others, on noncommutative varieities),
and continues the classification of universal algebras studied in [1] by Davidson-
Ramsey-Shalit. We obtain complete and detailed results regarding the structure,
properties, interelations and classification of the different operator algebras which
one may associate with monomial ideals. One key novelty of our work is that we
use C*-correspondence techniques to study algebras which are not given as operator
algebras arising form C*-correspondences.

Fix an orthonormal basis {e1, . . . , ed} for Cd and write eµ = eµ1
⊗ · · · ⊗ eµn

for every word µ = µ1 . . . µn ∈ Fd+. Given a monomial ideal I in C〈x1, . . . , xd〉 let
X = (X(n)) be the associated subproduct system [6]. Let us write FX = ⊕n≥0X(n)
and let the shift operators {Ti}di=1 defined by

Tieν =

{
eiν if iν ∈ Λ∗,

0 otherwise.

The C*-algebras

C*(T ) := C*(I, Ti|i = 1, . . . , d) and C*(T )/K(FX)

are the Toeplitz and the Cuntz algebra of X. (Our Cuntz algebras contain and
generalize well known classes such as Cuntz-Krieger C*-algebras and Matsumoto’s
subshift C*-algebras). The nonselfadjoint subalgebra

AX := alg{I, Ti|i = 1, . . . , d}

of C*(T ) is the tensor algebra of X. (The tensor algebras of subproduct systems
are a rich class of algebras containing the disc algebra, Popescu’s noncommutative
disc algebras, as well as the “continuous” multipliers on Drury-Arveson space).

The family {Ti}di=1 satisfies a number of properties; for example it is orthogonal
and T ∗

µTµTi = TiT
∗
µiTµi. Hence the linear space

E = span{Tia|a ∈ A, i = 1, . . . , d},

becomes a C*-correspondence over the commutative unital C*-algebra A generated
by T ∗

µTµ, where µ runs over all the set of all allowed words Λ∗ (i.e., powers µ such
that xµ /∈ I). Consequently we obtain the Toeplitz-Pimsner algebra TE , the Cuntz
algebra OE , and the tensor algebra T +

E in the sense of Muhly and Solel [3]. We
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denote the left action by φE , and refer to AEA as the C*-correspondence associated
with the monomial ideal I.

We use techniques from C*-correspondences to study the operator algebras aris-
ing from subproduct systmems. We obtain a complete map of connections between
the various C*-algebras arising. For example:

Theorem A. Let AEA be the C*-correspondence of a monomial ideal I /C〈x1, . . . , xd〉.
Then the following diagrams hold:

C*(T ) 6' TE ⇔ I 6= (0) ⇔ E 6' Cd C*(T ) ' TE ⇔ I = (0) ⇔ E ' Cd

��
kerφE 6= (0) kerφE = (0)KS

��

KS

��

OE ' C*(T )/K(FX) ' Od , kerφE = (0)

OE ' C*(T ) OE ' C*(T )/K(FX)

As a corollary, one immediately obtains that the Toeplitz and Cuntz algebras
of X are nuclear, because this is known for OE and and TE . We also compute
the C*-envelopes of the tensor algebras. There is a dichotomy, depending on the
structure of the ideal I. For example:

Theorem B. Let X be the subproduct system of a monomial ideal I / C〈x1, . . . , xd〉
of finite type and let q : C*(T ) → C*(T )/K(FX). Then the implications (1), (2),
and (3) of the following diagrams hold:

q|AX is not completely isometricKS
(1)

��

q|AX is completely isometricKS
(2)

��
C∗env(AX) ' C*(T )

(3)

��

KS
(4)

C∗env(AX) ' C*(T )/K(FX)

(4)

��

KS
(3)

∀i = 1, . . . , d, ∃µi ∈ Λ∗.µii /∈ Λ∗ ∃i ∈ {1, . . . , d}, ∀µ ∈ Λ∗.µi ∈ Λ∗

The implication (4) holds in many cases too.

The paper includes much more, including hyperrigidity, classification of the non-
selfadjoint algebras, and the analysis of a special kind of dynamical system.
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